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Abstract. We presenaProbablyApproximateCorrect(PAC) learningparadigm
for boolearformulas whichwe call PAC meditationwherethe classof formulas
to belearntarenotknown in advance Onthecontrarywe split the building of the
hypothesisn variouslevelsof increasinglescriptioncompleity accordingo ad-
ditional constraintgecevedatruntime. In particular startingfrom atomicforms
constitutedby clausesand monomialslearnedfrom the examplesat the O-level,
we provide a procedurdor computinghypothese thevariouslayersof apoly-
nomialhierarchyincludingk_term-DNFformulasatthesecondevel. Assessment
of the samplecompleity is basedon the notion of sentryfunctions,introduced
in a previous paper which extendsnaturallyto the variouslevels of thelearning
procedure We malke a distinction betweenmeditationswhich wastesomesam-
ple informationandthosewhich exploit all informationat eachdescriptiorlevel,
andproposeaprocedurehatis freefrom informationwaste The procedurdakes
only a polynomialtime if we restrictusto learnaninnerandouterboundaryto
thetargetformulain the polynomialhierarchy while an accesgo an NP-oracle
is neededf we wantto fix the hypothesisn aproperrepresentation.

1 Intr oduction

PAC learningis a very efficient approachfor selectinga function within a classof
Booleanfunctions(call them concepts)on the basisof a setof examplesof how this
function computed1]. In this paperwe will consideran extensionof this approactto
the casethat the classof conceptds not known at the beginning. Ratherwe receve
requisitesof theclassalittle atatime in subsequerdgtepsof thelearningprocessThus
we musthave at runtimeatwofold careof:

1. correctlyupdatingcurrentknowledgeon the basisof new requisitesso thatthe
approximatiorof the hypothesesn thefinal concepts not compromisedand

2. suitably reinterpretingexamplesin the light of the currentknowledge,so that
only their essentiafeaturesarefocusedon, without neithermissingnecessargatanor
recordingunusefuldetails.

We hit thesetargetsin learningbooleanformulasthrougha multi-level procedure
thatwe call PAC-meditation

— atthefirst level we have two setsof positive andnegative examples Fromsubsets
of equally labelled exampleswe computepartial consistenthypothesesNamely
eachhypothesids consistenwith a partof the positive examplesandall negative
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examples,or vice-versa.The criterionis thatthe union of the hypothesegoming
from positive subsetaindtheintersectiorof theotheronesform two nestedegions
delimiting the gapwherethe contoursof suitableconsistenhypothesesirefound.
In Fig. 1 the gapis representedby the dashedarea.We distinguisha gray region
embeddedn a white dashedone. Let us focusfor a momenton the widestarea
(contouredoy thin curves),which we call O-level gap.It is delimitedon theinside
by a(nondashedjegionwecallinnerborderand,analogouslyby theouterborder.

— at further abstractionlevels the partial consistenthypothese®f the immediately
precedinglevel play the role of labelled examples,wherethe sampleddataare
substitutedy formulasandthepositive andnegative labelsaresubstitutey aflag
which denotesvhethertheseformulasbelongto theinneror outerborders A new
pair of bordersare constructedunningthe sameprocedureon the sorepresented
examplegandarecontouredby bold linesin Fig. 1). Not far from whathappensn
thehumanmind, anactualbenefitcomesfrom theseevel jumpsin caseof suitable
definition of the classe®f formulasin the new borders.Theseclassesnducenew
links betweenthe formulas,with the twofold effect of reducingboth the degrees
of freedomof the final classof hypothesesthuslowering the samplecomplexity
of the learning problem,and narrowving the intersticebetweenthe borders,thus
simplifying the searchor afinal hypothesis.

Fig. 1. Innerandouterborders;n the samplespacepf a concepfat two abstractiorievels. Inner
bordersaredelimitedby the union of formulasboundedby positive examples(gray circleswith
thin contourat groundlevel), outer bordersby the intersectionof formulasboundedby nega-
tive examples(white circleswith thin contourat groundlevel). Bold lines describehigherlevel
formulas.Bullets: positive examplesrhomhuses:negative examples.

Theconsisteng constrainbindsthewholelearningprocessyhich coincidedn thisre-
spectwith anefficientwatchingonthepartof trainingexamplessentinelinghatborders
do not trespasgorbiddenpoints. This functionality representshe points’ information
contentwhichwill be managedptimally, i.e. withoutinformationwaste Passingfrom
one symbolic level to another propertiesaboutthesepoints becomepointsin a new



functionalspace(call themhyperpointawithin a higherabstractiorievel), thatareuse-
ful, in own turn, for building new propertiesi.e. metapropertieentheoriginalexample
space.

In this way our procedureputsa bridge betweeninductive anddeductve learning.
The atomic formulasat the first level are inductively learntfrom examples[1], then
they aremanagedhroughspecialdeductve tools. This is a true differentacceptionof
agnostidearning.With thegeneraunderstandinthatit is verydifficult to know apriori
theclassof thegoalconcepbor eventhesetof involvedvariableq2], mary authorsnfer
its functionalshapedirectly from the datawithin paradigmdik e boosting[3] or other
kind of modularlearning[4]. Their approachesharewith the mostelmentaryones
like decisiontrees[5] or Rulex [6] theideathatthis shapecomesuniquelyfrom a best
fitting of the training setdata.Our approachaimsat building a conceptby improving
elementaryformulasusingin a lolgical way piecesof symbolic knowledge coming
from analreadyachiesed experienceThis allows for a morecomplex andwell funded
managementf thetrade-of betweerclasscomplexity anderrorrateclearlysinthetised
by Vapnikin the problemof the structuralrisk minimization[7]

For lack of spacethe expositionproceedghrougha seriesof definitionsandthe-
oremswhoseproof is deferredelsavhere.In parfticular in Sect.2 we review the PAC
learningtheorywithin anew statisticaframework, while Sect.3 is devotedto introduce
the conceptuaframewvork of PACmeditationandtherelatedtheoreticakesults.A very
shortnumericalsectionconcludeghe paper

2 PAC Learning Theory Revisited

A verysimplewaywe foundfor discussingf thestatisticalpropertiesf alearningpro-
cedureis thefollowing [8]. We have alabeledsampleZ,,, = {(X;,b;), i =1,...,m}
where X takes valuesin ¥ 2 and b; are booleanvariables.We assumethat for ev-
ery M andevery Zj, an f existsin a booleanclassC, call it concepte, suchthat
Zy = {(X;,¢(Xy)),i=1,..., M}, andwe areinterestedn the measuref thesym-
metric differencel.. ;, betweenanotherfunction computedirom Z,,,, thatwe denote
ashypothesigi, andary suche (i.e. tyhe setof pointswherewe will answer0 using
h(z) while thecorrectanswelis ¢(z) = 1 or vice versaseeFig. 2).

Actually, for fixedsampleZ,,, we canhave differentpopulationsZ s, hencediffer-
entc’s explaining them. Thesearerelatedhowever to the explanationh we found for
thesample andwe work preciselyonthisrelationfor computingthedistribution law of
therandomvariableU... ; asa functionof therandommsufix Z,, of a givensample
Z,,. Thisrelationis very similarto the onebetweersampleandpopulationpropertieof
aBernoullivariable,asin both casesve work with 0/1 assignment$But herewe need
somesampledpoints— which we call (outer) sentrypoints[9] — to recognizethatthe
probabilitymeasuref theerrordomainis lessthanagivene. Thesepointsareassinged
by a sentinellingfunctionS whoseformal definitionis givenin [9], to eachconceptof
a classin sucha way that: i. they are externalto the conceptc to be sentinelledand

3 By default capitalletters(suchasU, X) will denoterandomvariablesandsmallletters(u,z)
their correspondingealizationsthe setsthe realizationsbelongto will be denotedby capital
gothicletters(UL, %).



Fig.2. A PAC learningframevork. ¥: the setof points belongingto the cartesianplane;c: a
conceptfrom the conceptclassof circles; h: a hypothesifrom the sameconceptclass;bullets:
1-labeled(positive) sampledboints;rhomtuses:0-labeled(negative) sampledpoints.Line filled
region: symmetricdifference.

internalto atleastoneotherincludingit, ii, eachconcept’ includingc hasatleastone
of the sentrypointsof ¢ eitherin the gapbetweenc anc’ or outsideof ¢’ anddistinct
from thesentrypointsof ¢, andiii. they constituteda minimal setwith theseproperties.
An upperboundto the cardinality of thesepointsis representetby the detail D of a
conceptlass.For instancetheclassC on¥ = {z1, z2, 3} whoseconceptsre

Z1 T2 T3 T1 T2 T3
=00 - ag=--06
=0+ + =0+ +
=+ 0O+ =+ 0O+
=+ + + cy =+ + +

where“+" denotesan elementz; belongingto ¢;, “—" anelementoutsidec; and (O
a sentrypoint, hasDe = 2. A worstcaseS is: S(c¢1) = {z1,22}, S(e) = {z1},
S(es) = {z2}, S(cs) = 0. However a cheapeoneis S(¢1) = {z3}, S(e2) = {z1},
S(es) = {2}, S(ca) = 0. Furtherexamplescanbe foundin [9]. In particularherewe
will referto classesf conceptsl’ + C' madeup of the symmetricdifferences:; + c;
betweerconceptdelongingto a sameclassC' andits detail D¢ ¢

A learningalgorithmis a procedure4 to generatea family of hypothese#,,, with
theirrespectie U, 1, corvergingto 0 in probabilitywith the samplesizem.

Lemma 1. For a space¥ andanunknownprobability measue P onit, assumeveare
giveni) a conceptclassC on¥ with D¢ ¢ = u, i) a sampleZ,, drawnfromthefixed
spaceandlabeledaccodingto a ¢ € C labelingan infinite sufix Z,, of it, andiii) a
fairly strongly surjectivefunctionA : {Z,,} — C misclassifyingat mostt € N points
of total probability notgreaterthan p.

Incasem>max{2logl 5.5(utt=1)
= e 47 e

PM) (U, . az,,) < max{p,e}) > 1-34.
In casem < % log% nolearningalgorithmexistssatisfyingtheaboveprobabilis-
tic inequalityon the measue of the symmetriaifference O

} A is alearningalgorithmfor C sud that



Themainlessonwe draw from the above discussioris that,whenwe wantto infer
a function we mustdivide the available examplesin two cateyories,the relevantones
andthe mass.Like in a professors lecture,some,the former, straightfix the ideas,
thusbindingthe differencebetweenconceptandhypothesisThe latter areredundant;
but if we producea lot of exampleswe areconfidentthata sufficient numberof those
belongingto thefirst category will have beenexhibited.

3 PAC-meditation

If wedonotknow C in advancewe proposea procedurdo discoverit progressiely. Its
block diagramis shovnin Fig. 3. Givenasetof positive andnegative exampleshe pro-
cedurecoreconsistsn theiteratedmplementatiorof anabstractiormodulemadeup of
two stepsi. a Symbolsjump, wherewe introducenew symbolsto describg(Boolean)
propertieon the points;andii. a Reductiorstepfor refiningthesepropertiesNamely
we startconsideringa setof minimal hypothesesboutthe goal formulathatare con-
sistentwith positive examplesandmaximalfor the negativesones.Thusa secondstep
is devotedto broadeningor narraving thesehypothesesvith: i. the constraintof not
violating the examplesconsisteng andii. the scopeof narronving the gapbetweerthe
union of minimal hypotheseg¢the mentionednner border)andthe intersectionof the
maximal hypothesegthe mentionedouterborder). This happensat zerolevel. To in-
creasethe abstractiorlevel we may restartthe two stepsafter assuminghe minimal
hypothesesspositive (hyper)pointsat 1-level, maximalhypotheseasnegative hyper
points,andsearchindor new hypersymbol$o describepropertiesonthesenew points.
To avoid tautologiesthe new abstractiorevel mustbe enrichedby piecesof symbolic
knowledgethatarenow availableaboutthepropertiesve wantto discover, andtranslate
in additionalconstraintsn rekuilding the borders.Oncewe are satisfiedwith the ab-
stractionlevel reachedor simply do not planon achiesing new formal knowledge) the
level testin Fig. 3 addressessto the Synthesistep.Herewe collapsethetwo borders
into asingledefiniteformulalying betweerthemwhichwe assumesrepresentatie of
thepropertieson therandompopulationwe obsened.

[Gelalabeled sample]f# Symbols’ jump }—” Reduction @ 4” Synthesis }—” Stop ‘

Fig. 3. Block diagramof PAC-meditation.

In this paperwe restrictoursehesto classe®f monotonebooleanformulas.With
¥ = X,, = {0,1}™ we constructthe atomic componentf 0-level borderswhich
call canonicalmonomialand clausesdescribedby the propositionalvariablesV,, =
{v1,...,v,} asfollows.



Definition 1. i) givenX,, andsetETof positiveexamplesa monotonenonomialm
with argumentsn V,, is a canonicalmonomialif anx € Et existssud that for
eadhi € {1,...,n}, v; €set(m) ifz; =1, v; € set(m) otherwise

i) givenX,, andsetE~ of neggativeexamplesa monotoneclausec with argumentsn
V., isacanonicatlausef anx € E~ existssudthatfor eachi € {1,...,n}, v; €
set(c) ifz; =0, v; €set(c) otherwise

Theseformulasdo not constrainthe final expressiorof g* in thatary Booleanfor-
mulaonthebinaryhypercubeanberepresenteditherthroughtheunionof monomials
(DNF) or throughtheintersectiorof clause{CNF). They justrepresena setof points
thatnecessarilynustbelongto g* givenapositive exampleor cannotbelongto it given
a negative one.Moreover, let us considera functions that,in analogyto S, assigndo
a concepta setof inner sentrypointssentinnellingfrom insidethe conceptw.r.t. other
conceptsncludedin it. Thusthey areaminimal setof pointsinternalto theconcept to
be sentinelledandexternalto at leastoneotherincludedin it, with analogougeatures
andfunctions.Our atomicformulasneedonly oneexampleasinneror outerfrontier.

Accordingto the above canonicamonomialsarearicherrepresentationf positive
pointsand a more conciseone aswell in that, if one monomialcontainsanotherwe
canskip the latter from the set. Their union constitutesan inner border(the union of
the thin contouredgray circlesin Fig. 1) sincerepresents minimal hypothesison g*.
Similar propertieshold for thecanonicaklausesywhoseintersectiomow representthe
maximal hypothesisconsistenwith ¢g*,andthenan outerborder Thesedutiesderive
from the fact that they represenpropertieswhich we infer from the points after the
monotonicityassumptionThesepropertiepivot aroundthefactthatpositive examples
are inner sentriesfor thesemonomialsand negative examplesfor the clausesNow,
to renderthis prerogatve proof againstary otherrepresentatiothroughmonomials
(clauses)j.e. ary otherconsistentassociatiorof monomialsto inner points,we must
fix theseexamplesas sentrypointsof the largestexpansionsof canonicalmonomials
(narroving of canonicalclauses)which still prove consistenwith negative (positive)
points. This is the distinguishingfeatureof our abstractionprocesswe passfrom a
lowerto higherlevel representationf partialhypothese# suchaway thatnew sentry
pointsare a subsetof older ones(with somepoints possiblybecominguselessiueto
theexpansion).

Applying thedistributive propertyto theunionof two monomialsw;v; v Vo, vm v vy =
(vi VUum) A (v; Vogur) A (Vo V 0om) A (Vv V v,v,) We obtaina new monomial
whereliterals are constitutedby clausesand, in turn, literals in the clausesare sub-
stitutedby monomials.Let us generalizethe operation keepinggroupsof at mostk,
monomialsandsplitting themin suchaway thatat mostk; hyperclausearise.Bounds
on k’'sstandfor requisitesof concisenessntheformuladescriptionj.e. for acompres-
sion of our knowledge.Thenwe examinethe caseof extending(enlaging) the single
atomicformulasin a consistentvay. We do the samewith hyperclausesA very easy
procedurdor doingthesetasksis reportedn [10].

Cycling along the block diagramin Fig.3 anddenotingu? = nt~! = Nif ¢ is
oddand# 0, U otherwisefor ¢t > 0, atthe L™ abstractiorievel we obtainformulas
belongingto thefamiliesof hyper.L_monomialsG ., i, ...k, _, @andhyper.L_clauses

)

Oniko k..., k1 WhOSeelementsy canbe written respectiely asfollows, for v = 2L,



k; < k; for eachi < v, k|, € N andsuitableg
9= {U%_ll UZ;:E o UZ;:1V+1Uq(jo,j1,...,ju) for theformer, and
U= U=t - Us =1 Y Go g, ennin) for thelatter
In short, we passfrom one level to the next adding a pair of operationsof the
“NU” kind for hypermonomialsand “un” for hyperclausesWhen we are satisfied
with the achieved abstractiorievel, we abandorthe loop andtry to synthesizehe two
bordersin a uniqueformulain the Synthesidlock, meetingpossiblefurther require-
ments.Obviously, not eachformula may comply with the actualborders,sincethey
comefrom a somehav biasedgapreduction.We denotemininsideand maxinsidethe
classe<C,, (r; L) andC(r; L) of formulasgivenby thedisjunctionof at mostr hy-
per_L_monomialsandthe conjunctionof atmostr hyper L_clausesespectiely. These
formulasare obtainedfrom an exhaustve checkon all the possibler-partitionsof the
hyperpointonstitutingtheinneror outerborder For r growing with n this constitutes
ahighly costlycomputationajob, theescapdrom whichis to learnanesierhypothesis.
The compleity of alearningjob indeedmight strongly dependon the representation
of thehypothesisFor instanceit is well known thatlearningk-term-DNF ) formulas
is NP-hardfor every preassigne& > 3 butis polynomialif werepresenthemthrough
k-CNFformulas(alessconciserepresentatior)L1]. We speakof properlearningwhen
conceptndhypothesislassegoincide.In ourframework, we candecideeitherproper
learningthefinal formulasby activatingSynthesisr nonproperlearningit by precisely
relying onthe currentinneror outerborders Sincegettingthe accurag targetss andé
asin Lemmal requiresn ary casea polynomialnumberof exampleswe have:

Lemma 2. [10] At every fixed abstraction level, PAC-meditationalgorithm supplies
in polynomialtime inner and outer borders as non proper hypothesegor the target
conceptwith accuracyparametese andd. Learningmininsideor maxinsideclassess
an NP-easyproblem.

Undersentinelsmanagemenperspectie we startassociatingan atom (monomial
or clause)to eachexample.Thenwe reducethe numberof atomscheckinginclusion
relationseitherduringthesymbolicjump or afterthe reductionof theformulas.We still
have monomialsand clausesgachneedinga uniquesentinel.lteration of the abstrac-
tion moduleleadssimilarly to further sentinelsreductions.Namely at the first level
eachmonomialis a sentinelof the 1-level hyperformulasBut sincea hypermonomial
for instancecomesfrom the union of morethanonemonomialit may needmorethan
onehyperpointfor its sentineling.The point we stresss thatour symbolicrepresenta-
tion is suchthatthe hyperformulawill be sentineledby the samenumberof examples,
whatevertheabstractiorlevel we usefor representinghe sentinels.

Definition 2. Givena conceptclassG,, on X,,, we saythat G,, is learnablewithout
informationwasteupto level L fromits bordersif there existsan algorithmthatfor any
examplesetE = E* U E~ producesconsistenhypothesed € G,, whoseborders at
level L are sentineledbya samesubsetf E, whatevertheleveli < L of theabstraction
at which they are represented.

Theorem 1. [10] PAC-meditatiorlearnsmininsideC,, (r; L) andmaxinsideC s (r; L)
withoutinformationwasteup to level L when&er Synthesidindsa solution.



4 Numerical Resultsand Conclusions

We have appliedthe PAC-meditationalgorithmin mary casestudiesand real world
problems.Concerningthe formersa k_term-DNF formulasare learntat the first ab-
stractionlevel asthey belongto G, for a(ny) numberof literals perterm. The com-
plexity of the problem,NP-hardindeed,descend$rom the necessityof reducingto k
thenumberof monomialsoriginally raisingfrom the positive examples.

Wetreatedwith ourapproachheproblemof learningthesymbolicrepresentatioof
someemotionalstatesstartingfrom the speachof somepeopleinvolvedin atalk show.
Reportson the solution can be find at the web site http://www.image.ntua.gr/pysta.
The table below is a typical reportof a learningsessionallowing us to statelogical
necessaryand sufficient conditionsfor characterizinghe emotionsadnesst level 1,
wheresymbolsa to f arelinkedto symbolsv; to va4 throughrelationssuchasa =
V2324, b = v15 + v22, € = V15 + V13.

Border1-level formulas
Inner |ab + cde + def
Outer |d* (c+ b+ f) *xe

Splittingthelearningprocessn asequencef two sidedcorvergingapproximations
appearsan efficient approachtypical of the humanbrain. The procedurewe propose
canbeeasilyextendedn two directions.More specificconstraintanbe statedfor the
set-uniomandset-intersectiomperationsatthebasisof theabstractiojumps,to embed
otherkindsof formalknowledgein additionto theboundsonthehypertermcompleity.
In addition,we might consideralot of relaxed meditationschemesbasedor instance
on neuralnetwork andfuzzy setsparadigms.
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