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Abstract. WepresentaProbablyApproximateCorrect(PAC) learningparadigm
for booleanformulas,whichwecall PAC meditation,wheretheclassof formulas
to belearntarenotknown in advance.Onthecontrarywesplit thebuilding of the
hypothesisin variouslevelsof increasingdescriptioncomplexity accordingto ad-
ditionalconstraintsreceivedat run time.In particular, startingfrom atomicforms
constitutedby clausesandmonomialslearnedfrom theexamplesat the0-level,
weprovideaprocedurefor computinghypothesesin thevariouslayersof apoly-
nomialhierarchyincludingk term-DNFformulasatthesecondlevel.Assessment
of thesamplecomplexity is basedon thenotion of sentryfunctions,introduced
in a previouspaper, which extendsnaturallyto thevariouslevelsof the learning
procedure.We make a distinctionbetweenmeditationswhich wastesomesam-
ple informationandthosewhichexploit all informationateachdescriptionlevel,
andproposeaprocedurethatis freefrom informationwaste.Theproceduretakes
only a polynomialtime if we restrictus to learnan innerandouterboundaryto
the target formula in thepolynomialhierarchy, while anaccessto anNP-oracle
is neededif we wantto fix thehypothesisin aproperrepresentation.

1 Intr oduction

PAC learning is a very efficient approachfor selectinga function within a classof
Booleanfunctions(call themconcepts)on the basisof a setof examplesof how this
functioncomputes[1]. In this paperwe will consideranextensionof this approachto
the casethat the classof conceptsis not known at the beginning. Ratherwe receive
requisitesof theclassa little ata time in subsequentstepsof thelearningprocess.Thus
we musthaveat runtimea twofold careof:

1. correctlyupdatingcurrentknowledgeon thebasisof new requisites,so that the
approximationof thehypotheseson thefinal conceptis not compromised,and

2. suitably reinterpretingexamplesin the light of the currentknowledge,so that
only their essentialfeaturesarefocusedon,without neithermissingnecessarydatanor
recordingunusefuldetails.

We hit thesetargetsin learningbooleanformulasthrougha multi-level procedure
thatwe call PAC-meditation:

– at thefirst level we have two setsof positive andnegativeexamples.Fromsubsets
of equally labelledexampleswe computepartial consistenthypotheses.Namely
eachhypothesisis consistentwith a partof thepositive examplesandall negative�
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examples,or vice-versa.The criterion is that the union of the hypothesescoming
from positivesubsetsandtheintersectionof theotheronesform two nestedregions
delimiting thegapwherethecontoursof suitableconsistenthypothesesarefound.
In Fig. 1 the gapis representedby the dashedarea.We distinguisha gray region
embeddedin a white dashedone.Let us focus for a momenton the widestarea
(contouredby thin curves),which we call 0-level gap.It is delimitedon theinside
bya(nondashed)regionwecall innerborderand,analogously,by theouterborder.

– at further abstractionlevels the partial consistenthypothesesof the immediately
precedinglevel play the role of labelledexamples,where the sampleddataare
substitutedby formulasandthepositiveandnegativelabelsaresubstitutedby aflag
which denoteswhethertheseformulasbelongto theinneror outerborders.A new
pair of bordersareconstructedrunningthe sameprocedureon the so represented
examples(andarecontouredby bold linesin Fig. 1). Not far from whathappensin
thehumanmind,anactualbenefitcomesfrom theselevel jumpsin caseof suitable
definitionof theclassesof formulasin thenew borders.Theseclassesinducenew
links betweenthe formulas,with the twofold effect of reducingboth the degrees
of freedomof the final classof hypotheses,thuslowering the samplecomplexity
of the learningproblem,and narrowing the intersticebetweenthe borders,thus
simplifying thesearchfor a final hypothesis.

Fig.1. Innerandouterborders,in thesamplespace,of a conceptat two abstractionlevels.Inner
bordersaredelimitedby theunionof formulasboundedby positive examples(graycircleswith
thin contourat groundlevel), outerbordersby the intersectionof formulasboundedby nega-
tive examples(white circleswith thin contourat groundlevel). Bold linesdescribehigherlevel
formulas.Bullets:positive examples;rhombuses:negative examples.

Theconsistency constraintbindsthewholelearningprocess,whichcoincidesin this re-
spectwith anefficientwatchingonthepartof trainingexamplessentinelingthatborders
do not trespassforbiddenpoints.This functionality representsthepoints’ information
contentwhichwill bemanagedoptimally, i.e.without informationwaste. Passingfrom
onesymbolic level to another, propertiesaboutthesepointsbecomepoints in a new



functionalspace(call themhyperpointswithin a higherabstractionlevel), thatareuse-
ful, in own turn,for building new properties,i.e.metapropertiesontheoriginalexample
space.

In this way our procedureputsa bridgebetweeninductive anddeductive learning.
The atomic formulasat the first level are inductively learnt from examples[1], then
they aremanagedthroughspecialdeductive tools.This is a truedifferentacceptionof
agnosticlearning.With thegeneralunderstandingthatit is verydifficult to know apriori
theclassof thegoalconceptor eventhesetof involvedvariables[2], many authorsinfer
its functionalshapedirectly from thedatawithin paradigmslike boosting[3] or other
kind of modular learning[4]. Their approachessharewith the most elmentaryones
like decisiontrees[5] or Rulex [6] theideathatthis shapecomesuniquelyfrom a best
fitting of the training setdata.Our approachaimsat building a conceptby improving
elementaryformulasusing in a lolgical way piecesof symbolic knowledgecoming
from analreadyachievedexperience.This allows for a morecomplex andwell funded
managementof thetrade-off betweenclasscomplexity anderrorrateclearlysinthetised
by Vapnikin theproblemof thestructuralrisk minimization[7]

For lack of space,the expositionproceedsthrougha seriesof definitionsandthe-
oremswhoseproof is deferredelsewhere.In parfticular, in Sect.2 we review thePAC
learningtheorywithin anew statisticalframework,while Sect.3 is devotedto introduce
theconceptualframework of PACmeditationandtherelatedtheoreticalresults.A very
shortnumericalsectionconcludesthepaper.

2 PAC Learning Theory Revisited

A verysimplewaywefoundfor discussingof thestatisticalpropertiesof alearningpro-
cedureis thefollowing [8]. We have a labeledsample
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whereX takes valuesin & 3 and
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are booleanvariables.We assumethat for ev-

ery ' and every
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an * exists in a booleanclass + , call it concept , , suchthat��(-��

���.�#� , �������#���/�0���1�!� �!��� ' $
, andwe areinterestedin themeasureof thesym-

metricdifference2035476 betweenanotherfunctioncomputedfrom
� �

, thatwe denote
ashypothesis8 , andany such , (i.e. tyhe setof pointswherewe will answer9 using8 ��:;� while thecorrectansweris , �<:=�����

or viceversa,seeFig. 2).
Actually, for fixedsample

� �
wecanhavedifferentpopulations

� (
, hencediffer-

ent , ’s explaining them.Thesearerelatedhowever to the explanation 8 we found for
thesample,andwework preciselyonthis relationfor computingthedistribution law of
the randomvariable 2�354>6 asa functionof the randommsuffix

� (
of a givensample? � . Thisrelationis verysimilarto theonebetweensampleandpopulationpropertiesof

a Bernoulli variable,asin bothcaseswe work with 9 /
�

assignments.But herewe need
somesampledpoints– which we call (outer) sentrypoints[9] – to recognizethat the
probabilitymeasureof theerrordomainis lessthanagiven @ . Thesepointsareassinged
by a sentinellingfunction A whoseformal definitionis givenin [9], to eachconceptof
a classin sucha way that : i. they areexternalto the concept, to be sentinelledand

3 By default capitalletters(suchas B , C ) will denoterandomvariablesandsmall letters( D ,E )
their correspondingrealizations;thesetstherealizationsbelongto will bedenotedby capital
gothicletters( F�GH& ).
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Fig.2. A PAC learningframework. & : the set of points belongingto the cartesianplane; N : a
conceptfrom theconceptclassof circles; O : a hypothesisfrom thesameconceptclass;bullets:P
-labeled(positive) sampledpoints;rhombuses:Q -labeled(negative) sampledpoints.Line filled

region:symmetricdifference.

internalto at leastoneotherincludingit, ii, eachconcept,�R including , hasat leastone
of the sentrypointsof , eitherin thegapbetween, an ,�R or outsideof ,�R anddistinct
from thesentrypointsof , R , andiii. they constitutedaminimalsetwith theseproperties.
An upperboundto thecardinalityof thesepointsis representedby thedetail S.T of a
conceptclass.For instance,theclass+ on & �	
 : � �U: � �#:WV�$ whoseconceptsare: � : � : V : � : � : V, � �YX Z[X Z\Z , � �]Z^Z_X Z, � �YX Z_`a` , � �YX Z-`a`, V �b`cX Z_` , V �b`cX Z]`,�d �b`e`a` ,�d �b`^`a`
where“

`
” denotesan element

:gf
belongingto , � , “

Z
” an elementoutside , � and

X
a sentrypoint, has hiT �\j

. A worst case A is: A � , � �k�^
l: � �#: � $ , A � , � �k�m
l: � $ ,A � , Vl�n�o
 : � $ , A � ,�d �n�qp
. However a cheaperoneis A � , � �r�s
l:WV�$

, A � , � �r�s
l: � $ ,A � , Vl�t��
 : � $ , A � ,�d �)�up
. Furtherexamplescanbefoundin [9]. In particularherewe

will refer to classesof concepts+wvx+ madeup of thesymmetricdifferences, � vy, f
betweenconceptsbelongingto asameclass+ andits detail S T>z T .

A learningalgorithmis a procedure{ to generatea family of hypotheses8 � with
their respective 2035476 � convergingto 9 in probabilitywith thesamplesize

"
.

Lemma 1. For a space& andan unknownprobabilitymeasure | on it, assumeweare
giveni) a conceptclass + on & with S T>z T �~}

, ii) a sample
� �

drawnfromthefixed
spaceand labeledaccording to a ,.��+ labelingan infinite suffix

��(
of it, and iii) a

fairly stronglysurjectivefunction {[� 
/�0��$n�� + misclassifyingat most ���%� points
of total probabilitynot greaterthan � .

In case
"]�y�����n� ��0�������� �1�!� ���������H� �#�� � { is a learningalgorithmfor + such that| � ( �¡  2 354£¢ ��¤¦¥ �)§ �����=
 � � @ $�¨©�w�ªZ¬«

.
In case

"]­ � � ��b�®�1� �� nolearningalgorithmexistssatisfyingtheaboveprobabilis-
tic inequalityon themeasureof thesymmetricdifference. ¯°



Themainlessonwe draw from theabovediscussionis that,whenwe wantto infer
a functionwe mustdivide the availableexamplesin two categories,the relevantones
and the mass.Like in a professor’s lecture,some,the former, straightfix the ideas,
thusbinding thedifferencebetweenconceptandhypothesis.The latterareredundant;
but if we producea lot of exampleswe areconfidentthata sufficient numberof those
belongingto thefirst categorywill havebeenexhibited.

3 PAC-meditation

If wedonotknow C in advanceweproposeaprocedureto discover it progressively. Its
blockdiagramis shown in Fig. 3.Givenasetof positiveandnegativeexamplesthepro-
cedurecoreconsistsin theiteratedimplementationof anabstractionmodulemadeupof
two steps:i. a Symbols’jump, wherewe introducenew symbolsto describe(Boolean)
propertieson thepoints;andii. a Reductionstepfor refiningtheseproperties.Namely,
we startconsideringa setof minimal hypothesesaboutthegoal formula thatarecon-
sistentwith positive examplesandmaximalfor thenegativesones.Thusa secondstep
is devotedto broadeningor narrowing thesehypotheseswith: i. the constraintof not
violating theexamplesconsistency andii. thescopeof narrowing thegapbetweenthe
union of minimal hypotheses(the mentionedinnerborder)andthe intersectionof the
maximalhypotheses(the mentionedouterborder).This happensat zero level. To in-
creasethe abstractionlevel we may restartthe two stepsafter assumingthe minimal
hypothesesaspositive (hyper)pointsat

�
-level, maximalhypothesesasnegativehyper-

points,andsearchingfor new hypersymbolsto describepropertiesonthesenew points.
To avoid tautologies,thenew abstractionlevel mustbeenrichedby piecesof symbolic
knowledgethatarenow availableaboutthepropertieswewantto discover, andtranslate
in additionalconstraintsin rebuilding the borders.Oncewe aresatisfiedwith the ab-
stractionlevel reached(or simplydonotplanonachieving new formalknowledge),the
level testin Fig. 3 addressesusto theSynthesisstep.Herewe collapsethetwo borders
into asingledefiniteformulalying betweenthemwhichweassumeasrepresentativeof
thepropertieson therandompopulationwe observed.

Get a labeled sample Symbols’ jump Reduction Level test Synthesis Stop

Fig.3. Block diagramof PAC-meditation.

In this paperwe restrictourselvesto classesof monotonebooleanformulas.With& �m±k²�³´
 9 � �/$ ² we constructthe atomic componentsof 9 -level borderswhich
call canonicalmonomialand clausesdescribedby the propositionalvariables µ ²	�
 ¶ � � �!� �!�#¶/²;$ asfollows.



Definition 1. i) given
±·²

andset ¸ �
of positiveexamples,a monotonemonomial¹

with argumentsin µ ² is a canonicalmonomialif an º~�¼» �
existssuch that for

each
� � 

���!� �!���U½¡$1�¡¶ � �¿¾#À!Á � ¹ �

if
: � �Â�1�¡¶ �ÄÃ�¿¾#À!Á � ¹ �

otherwise
ii) given

±·²
andset ¸ �

of negativeexamples,a monotoneclauseÅ with argumentsinµ ² isacanonicalclauseif an ºÆ�Ç» �
existssuch thatfor each

� � 

���!� �!���U½¡$1�¡¶ � �¾#À!Á � Å � if
: � � 9 ��¶ �ÄÃ�Ç¾#À!Á � Å � otherwise

Theseformulasdo not constrainthefinal expressionof ÈÊÉ in thatany Booleanfor-
mulaonthebinaryhypercubecanberepresentedeitherthroughtheunionof monomials
(DNF) or throughtheintersectionof clauses(CNF).They just representa setof points
thatnecessarilymustbelongto ÈgÉ givenapositiveexampleor cannotbelongto it given
a negative one.Moreover, let usconsidera function Ë that, in analogyto A , assignsto
a concepta setof innersentrypointssentinnellingfrom insidetheconceptw.r.t. other
conceptsincludedin it. Thusthey areaminimalsetof pointsinternalto theconcept, to
besentinelledandexternalto at leastoneotherincludedin it, with analogousfeatures
andfunctions.Our atomicformulasneedonly oneexampleasinneror outerfrontier.

Accordingto theabovecanonicalmonomialsarea richerrepresentationof positive
pointsanda moreconciseoneaswell in that, if onemonomialcontainsanotherwe
canskip the latter from the set.Their union constitutesan inner border(the union of
thethin contouredgraycirclesin Fig. 1) sincerepresentsa minimal hypothesison ÈgÉ .
Similarpropertiesholdfor thecanonicalclauses,whoseintersectionnow representsthe
maximalhypothesisconsistentwith ÈÊÉ ,andthenan outerborder. Thesedutiesderive
from the fact that they representpropertieswhich we infer from the pointsafter the
monotonicityassumption.Thesepropertiespivot aroundthefactthatpositiveexamples
are inner sentriesfor thesemonomialsand negative examplesfor the clauses.Now,
to renderthis prerogative proof againstany other representationthroughmonomials
(clauses),i.e. any otherconsistentassociationof monomialsto inner points,we must
fix theseexamplesassentrypointsof the largestexpansionsof canonicalmonomials
(narrowing of canonicalclauses)which still prove consistentwith negative (positive)
points.This is the distinguishingfeatureof our abstractionprocess:we passfrom a
lower to higherlevel representationof partialhypothesesin sucha way thatnew sentry
pointsarea subsetof olderones(with somepointspossiblybecominguselessdueto
theexpansion).

Applying thedistributivepropertyto theunionof twomonomials:
¶/��¶lf!¶�Ì/ÍÎ¶�Ï<¶/�©¶ ² ¶/Ð���<¶/�ÑÍ.¶�ÏÒ¶/�n�ÊÓ¿��¶/�
Í�¶ ² ¶/Ðl�ÊÓ¿��¶lf!¶�Ì0Í.¶�ÏÒ¶/�n�ÊÓÔ�<¶lf!¶�Ì0Í.¶ ² ¶/Ðl�

weobtainanew monomial
whereliterals are constitutedby clausesand, in turn, literals in the clausesare sub-
stitutedby monomials.Let us generalizethe operation,keepinggroupsof at most Õ �
monomialsandsplitting themin suchaway thatatmost Õ � hyperclausesarise.Bounds
on Õ ’sstandfor requisitesof concisenessontheformuladescription,i.e. for acompres-
sion of our knowledge.Thenwe examinethe caseof extending(enlarging) the single
atomicformulasin a consistentway. We do the samewith hyperclauses.A very easy
procedurefor doingthesetasksis reportedin [10].

Cycling along the block diagramin Fig.3 anddenoting Ö � �\× �H� � �\×
if � is

odd and
Ã� 9 , Ö otherwise,for � � 9 , at the Ø th abstractionlevel we obtainformulas

belongingto thefamiliesof hyper Ø monomialsÙ ²1Ú Ì J z Ì K z �Û�Û� z Ì�Ü�Ý K andhyper Ø clausesÞ ²1Ú Ì J z Ì K z �Û�Û� z Ì�Ü�Ý K whoseelementsÈ canbewritten respectively asfollows, for ß �Yj Ø ,



Õ¦R� § Õ � for each
��­ ß , Õ¦Rà �¿� andsuitableá

È �qâÄã Ì�äJf J�å � � ã Ì�äKf K å � �0æ!æ!æ ã Ì�äÜf5Ü å � à � � ¶�ç � f J z f Kèz �Û�Û� z f Ü � for theformer, andã Ì�äJf J�å �<é ã Ì�äKf K å � �¡æ!æ!æ ã Ì�äÜf5Ü å � à ¶�ç � f J z f K�z �Û�Û� z f Ü � for thelatter

In short, we passfrom one level to the next addinga pair of operationsof the
“
× Ö ” kind for hypermonomialsand “ Ö × ” for hyperclauses.When we are satisfied

with theachievedabstractionlevel, we abandontheloop andtry to synthesizethetwo
bordersin a uniqueformula in the Synthesisblock, meetingpossiblefurther require-
ments.Obviously, not eachformula may comply with the actualborders,sincethey
comefrom a somehow biasedgapreduction.We denotemininsideandmaxinsidethe
classesê � �<ëÑì Ø �

and ê ( �<ëÑì Ø �
of formulasgivenby thedisjunctionof at most

ë
hy-

per Ø monomialsandtheconjunctionof atmost
ë

hyper Ø clausesrespectively. These
formulasareobtainedfrom anexhaustive checkon all thepossible

ë
-partitionsof the

hyperpointsconstitutingtheinneror outerborder. For
ë

growing with
½

thisconstitutes
ahighly costlycomputationaljob, theescapefrom whichis to learnanesierhypothesis.
The complexity of a learningjob indeedmight stronglydependon the representation
of thehypothesis.For instance,it is well known thatlearningÕ -term-DNF(

½
) formulas

is í�| -hardfor everypreassignedÕ �¼î
but is polynomialif werepresentthemthroughÕ -CNFformulas(alessconciserepresentation)[11]. Wespeakof properlearningwhen

conceptandhypothesisclassescoincide.In ourframework,wecandecideeitherproper
learningthefinal formulasbyactivatingSynthesisornonproperlearningit byprecisely
relyingon thecurrentinneror outerborders.Sincegettingtheaccuracy targets@ and

«
asin Lemma1 requiresin any casea polynomialnumberof exampleswe have:

Lemma 2. [10] At every fixed abstraction level, PAC-meditationalgorithm supplies
in polynomialtime inner and outer borders as non proper hypothesesfor the target
conceptwith accuracyparameters @ and

«
. Learningmininsideor maxinsideclassesis

an íi| -easyproblem.

Undersentinelsmanagementperspective we startassociatingan atom(monomial
or clause)to eachexample.Thenwe reducethe numberof atomscheckinginclusion
relationseitherduringthesymbolicjumpor afterthereductionof theformulas.Westill
have monomialsandclauses,eachneedinga uniquesentinel.Iterationof the abstrac-
tion moduleleadssimilarly to further sentinelsreductions.Namely, at the first level
eachmonomialis a sentinelof the

�
-level hyperformulas.But sincea hypermonomial

for instancecomesfrom theunionof morethanonemonomialit mayneedmorethan
onehyperpointfor its sentineling.Thepoint we stressis thatour symbolicrepresenta-
tion is suchthat thehyperformulawill besentineledby thesamenumberof examples,
whatever theabstractionlevel weusefor representingthesentinels.

Definition 2. Givena conceptclass Ù ²
on

±·²
, we saythat Ù ²

is learnablewithout
informationwasteupto level Ø fromits bordersif thereexistsanalgorithmthat for any
exampleset ¸ � ¸ � ÖÇ¸ �

producesconsistenthypotheses8Ô�ÆÙ ²
whosebordersat

level Ø aresentineledbya samesubsetof ¸ , whateverthelevel
� § Ø of theabstraction

at which they are represented.

Theorem1. [10] PAC-meditationlearnsmininsideê �ï��ë
ì Ø �
andmaxinsideê (%��ëÑì Ø �

withoutinformationwasteup to level Ø whenever Synthesisfindsa solution.



4 Numerical Resultsand Conclusions

We have appliedthe PAC-meditationalgorithm in many casestudiesand real world
problems.Concerningthe formersa Õ term-DNF formulasare learntat the first ab-
stractionlevel asthey belongto Ù ²1Ú ð

for ñ (ny) numberof literalsper term.Thecom-
plexity of the problem,NP-hardindeed,descendsfrom the necessityof reducingto k
thenumberof monomialsoriginally raisingfrom thepositiveexamples.

Wetreatedwith ourapproachtheproblemof learningthesymbolicrepresentationof
someemotionalstatesstartingfrom thespeachof somepeopleinvolvedin a talk show.
Reportson the solutioncanbe find at the web site http://www.image.ntua.gr/physta.
The table below is a typical reportof a learningsessionallowing us to statelogical
necessaryandsufficient conditionsfor characterizingthe emotionsadnessat level

�
,

wheresymbols ñ to * are linked to symbols
¶ � to

¶ � d throughrelationssuchas ñ �¶ � V ¶ � d , �Ä�x¶ � � `�¶ �U� , , �ò¶ � � `�¶ � V .
Border

�
-level formulas

Inner ñ ��` ,�ó1ô ` ó
ô�*
Outer óöõ � , `y��` * � õtô

Splittingthelearningprocessin asequenceof two sidedconvergingapproximations
appearsan efficient approachtypical of the humanbrain. The procedurewe propose
canbeeasilyextendedin two directions.Morespecificconstraintscanbestatedfor the
set-unionandset-intersectionoperationsat thebasisof theabstractionjumps,to embed
otherkindsof formalknowledgein additionto theboundsonthehypertermcomplexity.
In addition,we might considera lot of relaxedmeditationschemes,basedfor instance
on neuralnetwork andfuzzysetsparadigms.
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